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Abstract

This paper presents a DSGE model in which the government issues short and long-term
nominal debt. The model is used to compare social welfare under inflation targeting (IT) and
price-level targeting (PT) monetary regimes. When the share of long-term debt is calibrated
to be positive as in the data, PT raises social welfare relative to IT because it lowers long-
term inflation risk. However, if the share of long-term debt is set optimally to maximise
social welfare, the welfare gains of PT are eliminated because only short-term debt should be
issued. These results are robust to calibration, but the presence of productivity risk is crucial.

Keywords: government debt; monetary policy; inflation targeting, price-level targeting.
JEL classification: E52, E63

1 Introduction

When inflation is unanticipated, real returns on nominal assets vary, implying fluctuations in
consumption and wealth. An important channel through which this happens is the change in
the real value of nominal government debt held by the private sector. The maturity of bond
portfolios is an important part of this equation because short and long-term nominal claims
need not be revalued equally in the face of inflationary shocks. This observation motivates a
comparison of inflation targeting (IT) and price-level targeting (PT) regimes. Under IT,
unanticipated shocks to inflation are not reversed by policy, so an unanticipated rise in
inflation erodes both short-term and long-term nominal claims. By contrast, PT offsets
unanticipated shocks to inflation, so unanticipated inflation erodes short-term nominal claims
but leaves purchasing power of long-term nominal claims largely unaffected.?

In this paper, a DSGE model with short and long-term nominal debt is used to compare social
welfare under IT and PT regimes. In recent years, both policymakers and academics have
been interested in this comparison. Several papers have shown that PT offers short-term
stabilisation benefits over IT when agents are forward-looking. For instance, Vestin (2006)
shows that in the baseline New Keynesian model, PT reduces inflation variability for a given
level of output gap variability if policymakers operate under discretion. In the same model,
optimal commitment implies a stationary price level (Clarida et al., 1999) and interest rate
rules which respond to the price level outperform standard Taylor rules both with and without
the zero lower bound on nominal interest rates (Eggertsson and Woodford, 2003; Nakov,
2008; Giannoni, 2014). In light of these results, the Bank of Canada recently conducted an

! Email: M.C.Hatcher@soton.ac.uk. | am grateful to Alex Mennuni and Chiara Forlati for helpful comments.
This project was started while | received funding from ESRC Postdoctoral Fellowship PTA-026-27-2964.
2 In econometric jargon, the price level follows a random walk under IT but is trend-stationary under PT.
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assessment of the costs and benefits of PT (see Bank of Canada, 2011).2 However, to the
author’s knowledge, no paper has compared IT and PT using a model with short and long-
term government debt in which long-term inflation risk matters for social welfare.* Since
government debt accounts for a non-trivial fraction of net nominal wealth in developed
economies (Doepke and Schneider, 2006; Meh and Terajima, 2011), this analysis may be
important for making a full assessment of the relative merits of PT.

An overlapping generations (OG) model in the spirit of Samuelson (1958) and Diamond
(1965) is set out. The model has three features that make it useful for assessing the interaction
between the share of long-term debt and social welfare under IT and PT. First, as noted by
Barro (1974), government debt is net wealth in standard OG models. As a result, there is
scope for debt policy to have meaningful effects on social welfare.> Second, the OG model
captures the implications of unanticipated inflation variations for the real value of
government debt held by the private sector. In the model, there are two channels through
which inflation risk affects social welfare: (i) fluctuations in the real returns on government
debt lead to variations in asset income and taxes, and (ii) short and long-term inflation risk
affect the inflation risk premium the government pays on short and long-term debt and hence
the average level of taxes needed to satisfy the government budget constraint.® Third, OG
models provide a tractable framework for modelling inflation risk and asset prices over a long
horizon without introducing a large number of state variables. This allows the analysis to
proceed in a simple model that emphasises intuition but captures the key policy trade-offs.

The main findings are as follows. In an economy where the share of long-term debt is
calibrated to be positive as in the data, PT implies welfare gains relative to IT because it
raises consumption by the young and middle-aged and lowers consumption risk at these ages.
The benefits of PT are related to the fact that it lowers long-term inflation risk relative to IT.
First, because PT lowers long-term inflation risk, it lowers the inflation risk premium on
long-term debt, which means that taxes are lower on average under PT because it is less
expensive for the government to borrow using long-term debt. ” As a result, average
consumption by the young and middle-aged (who are taxed) is higher under a PT regime.
Second, because long-term inflation risk is lower under a PT regime, the real return on long-
term debt is less variable than under IT. As a result, the young and middle-aged face less
variable taxes than under IT, so that their consumption risk is lower. However, if the share of
long-term debt is set optimally under both IT and PT, the above conclusions change
dramatically. In particular, since it is optimal to issue only short-term debt under both
regimes, there is nothing to choose between IT and PT in terms of consumption levels,
consumption risk or social welfare. This result casts doubt on the conventional wisdom that
PT would raise social welfare in a world with long-term nominal contracts because it reduces
long-term inflation risk.

3 For surveys of the recent literature on price-level targeting, see Ambler (2009), Crawford et al. (2009), Bank of
Canada (2011) and Hatcher and Minford (forthcoming). Dittmar et al. (1999) and Gavin et al. (2009) examine
the implications of IT and PT for long-term inflation risk in theoretical models.

4 Indeed, formal studies of the effects of PT outside business cycle frequencies are rare in the DSGE literature.
Exceptions include Meh et al. (2010) and Hatcher (2014).

5 Minford and Peel (2002, Ch. 12) provide a neat illustration of this result.

% In linear or log-linearized models there is ‘certainty equivalence’, so that risk premia are zero. Kim and Kim
(2003) show that failure to account for the effects of risk can lead to spurious welfare reversals. We therefore
consider a second-order approximation of the model where risk-premia are non-zero (but constant).

7 See Bekaert and Wang (2010) for a survey of the inflation risk premium. Here, it is defined as the difference
between the expected real return on nominal debt and the risk-free real interest rate (see Appendix Al).



The main results of the paper are robust in several directions. For instance, the baseline
results are robust to alternative parameterizations of the model and the treatment of the utility
of initial generations. However, the result that issuing only short-term debt is optimal under
both regimes hinges on the presence of productivity risk. With productivity risk, it is optimal
to issue only short-term debt even if inflation risk is absent. But if productivity risk is absent,
it is optimal to issue only short-term debt under IT, but not PT. As a result, there are welfare
gains to PT in this case even if the share of long-term is set optimally. It is important to note,
however, that this result disappears if even a small amount of productivity risk is introduced.

The paper is related to two main strands of literature. The first is on the implications of
unanticipated inflation under IT and PT. In a seminal paper, Doepke and Schneider (2006)
document postwar nominal portfolios in the US and show that unanticipated inflation had
substantial redistribution through revaluations of nominal assets and liabilities. Meh and
Terajima (2011) later documented nominal portfolios in Canada. Building on these two
papers, Meh et al. (2010) simulated aggregate and welfare effects from one-off episodes of
unanticipated inflation in Canada under IT and PT in a quantitative OG model. They find that
there are larger redistributions under IT because long-term nominal contracts undergo larger
revaluations in presence base-level drift as unanticipated shocks to the price-level are not
offset. Consequently, induced welfare effects are somewhat larger under IT than PT.
However, nominal portfolios are assumed to remain fixed across IT and PT in this analysis
and the focus is on one-off episodes of unanticipated inflation and not inflation risk as here.®

The second strand of literature to which the paper is related is on optimal nominal contracting
under IT and PT. The seminal paper in this literature is Minford et al. (2003), which builds on
the insights of Gray (1976) about optimal wage indexation in the face of real and nominal
shocks. Minford et al. (2003) build a general equilibrium model in which households have an
incentive to smooth real wage fluctuations but cannot access financial markets. They show
that optimal wage indexation is substantially lower under a PT regime, where money supply
shocks are temporary, than under IT regime where they are permanent. Subsequently, Amano
et al. (2007) showed that optimal indexation remains lower under a PT regime even if agents
have unrestricted access to financial markets. The study of optimal indexation of government
debt was taken up by Hatcher (2014). He showed that if indexed government debt is linked to
the price level with a lag, issuing only indexed debt is optimal under IT but not under PT.
This paper uses a similar framework, but the key difference in the analysis here is that the
maturity of government debt contracts is allowed to vary across regimes.®

The paper proceeds as follows. Section 2 presents the model. Section 3 discusses the conduct
of monetary policy under IT and PT. Section 4 discusses the optimal policy problem of the
government and its solution. In Section 5 the model is calibrated. Section 6 reports the
baseline results. Section 7 investigates robustness. Finally, Section 8 concludes.

8 That is, they consider individual draws from the distribution of inflation shocks and not the entire distribution.
As the authors note, the latter is necessary to account for the impact of higher-order moments on social welfare.
% In practice, governments issue both short and long-term nominal debt. For example, in 2010, 30-year nominal
debt was around 20% of marketable debt outstanding in Canada (Department of Finance Canada 2011, Chart 2)
and nominal debt with maturities exceeding 15 years was around 25% of the UK gilt portfolio (DMO, 2010).
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2. Model

An overlapping generations (OG) model with three-period lifetimes is considered. The model
contains three sectors: a household sector, a government sector, and a productive sector
devoted to the production of a single output good. Each of these sectors is described below.
This section also discusses the equilibrium conditions of the model and social welfare.

2.1 Consumers

Each generation lives for three periods. The subscripts {y, m, 0} denote youth, middle-age,
and old age. Each period lasts 20 years and the number of generations born per period is
constant and normalized to 1. The young and middle-aged supply labour inelastically to firms
(with total labour supply per lifetime normalized to 1) and use their wage income to consume
and to invest in an optimal portfolio of assets. The old are retired and there is no bequest
motive, so they consume all their wealth. The menu of assets available to households
includes nominal government debt, physical capital, k, and money, m. The young may invest
in either long-term debt b' or short-term debt b*Y, while the middle-aged can invest in short-
term debt, denoted b®™.1% Accordingly, the total amount of debt in the economy in any period
is b = b'+ b*¥ + b>™. Both the young and middle-aged can invest in capital and money, so
total capital and real money balances are given by k = ky + km and M/P = my + mm, where P is
the aggregate price level. The wage income of the young and middle-aged is taxed at rate 7.1

Government debt is nominal and default-free. Short-term debt matures in one period and pays
a nominal interest rate R® on maturity. Consequently, the real return on short-term debt is
R®/TI, where IT is the one-period gross inflation rate. Long-term debt matures in two periods
and pays a nominal interest rate R' on maturity. The real return on long-term debt is given by
RY/IT', where IT' is the two-period gross inflation rate. The nominal interest rates R® and R' are
endogenously determined and ensure that, for both types of debt, demand is equal to supply.
Capital pays a risky real return r®, which is equal to its marginal product. There is no
secondary market for government debt, so long-term bonds can only be purchased in the
period in which they are issued and held until maturity, as in Sargent (1987, p. 102-105),
Andrés et al. (2004), and Ellison and Tischbirek (2014), amongst others.*?

Money pays a real return of r™ = 1/I1. A positive demand for money arises from a reserve
requirement as in Champ and Freeman (1990) that requires the young and middle-aged to
hold real money balances of at least 6 > 0, so that my > ¢ and mn > 6. The main advantage of
this assumption is that money has value without having to offer any transactions services, so
that any difference in the results under IT and PT can be attributed to the implications of
these regimes for long-term inflation risk. The reserve requirement holds with equality
provided that R® > 1,'® which was met in all numerical simulations in this paper.

We therefore have that

m,, =m., =3, vt (1)

10 The middle-aged would not choose to hold long-term debt since it matures after their final period of life.

1 This tax is not distortionary because labour supply is inelastic. Levying a lump-sum tax would have the same
impact but is less convenient from a calibration perspective because it has no obvious counterpart in the data.

12 1t is worth noting that empirical work suggests many investors follow ‘buy and hold’ strategies, perhaps due
to transaction costs of participating in secondary markets. For instance, Ameriks and Zeldes (2004, p. 31) found
that “the vast majority of households make few or no changes over time to their portfolio allocations.”

13 This condition is derived in Section 1.B of the Supplementary Appendix.



Total demand for real money balances is given by M¢/Pt = m¢y + m¢m = 26. The stock of fiat
money M is increased according to simple rules that implement IT and PT, as shown in
Section 3. New money is injected into the economy via lump-sum monetary transfers T* and
T2 to the middle-aged and old in proportion to their money holdings. Thus, the current money
injection is split equally between transfers to these two generations:

1
Ttl :th = E(Mt - Mt—l) (2)

The budget constraints faced by the generation born in period t are as follows:

-m,, (©)
- mt+1,m (4)
+Tt+2—2 / I:)t+2 + rt+2 rnt+1,m (5)

Ciy =W, (1_TI)L _btl+1 _btsﬁl _kt+1y
v = Wy U= 7o )L + 15K, + (RS /T )BEY +T /P, +10m, , —baT —k

= (R /Ht+2)btl+1 + (Rts+1 /Ht+2)bts+g] + r-t-*—2k

C

t+2,m

t+2 (o] t+2,m

where z; is the rate of income tax, ITt+1 = Pw1/Py is inflation between period t and t+1, and
't2 = Pu2/Pyis inflation between period t and t+2.

Consumers have CRRA preferences. They solve the following utility maximization problem:

max U =——E [ + iz, + A%, stoE  ©)

{Cty Cierm Cii2,0:8t41,y 1 ti2,m} 1- V4

where y > 0 is the coefficient of relative risk aversion, £ is the private discount factor, and
a1y and aw2,m are the vectors of asset holdings chosen by the young and middle-aged.

Letting sdf,,,,, = B(C . /C,,) 7 and sdf,,,, = B(C,,1, /C,n) 7, the first-order conditions are:'
1=E, [sdfmvmrtil] for capital (when young), ky @)
1=E,[sdf,,, 1] for short-term debt (when young), b®? 8)
1=E,[sdfr!,] for long-term debt, b' 9)
1=E[sdf.,,r:] for short-term debt (when middle-aged), b*™ (10)
1=E,[sdf,, 1] for capital (when middle-aged), km (11)

where sdf !, =sdf,, sdf, ,and rS, =R’ /11, and r!, =R/ /TI} , are real returns on debt.

t+2,0 t+1,m?

2.2 Firms

The production sector consists of a representative firm which produces output using a Cobb-
Douglas production function. The capital share of output is equal to « and the labour share is
1 — a. The firm hires capital and labour in competitive markets to maximise current profits.
Total factor productivity, A, is stochastic and follows an AR(1) process: In At = pa In At1 + ey,
where et is an 1ID-normal innovation with mean zero and standard deviation oe.

14 In addition, there are two first-order conditions for money holdings relating to the reserve requirements in (1).
See Section 1.A of the Supplementary Appendix for a derivation of the first-order conditions.
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The real wage and the return on capital are given by

W, =Y, — rtk kt = (1_ a)A[kta (12)
rtk =y, /kt = OCA[ kta_l (13)

2.3 Government

The government performs three functions. First, it levies an income tax on the young and
middle-aged to fund a constant stream of government spending. Second, it commits to a
money supply rule which is implemented through lump-sum monetary transfers to the
middle-aged and old; see (2). Third, it sets the total supply of government bonds and the
share of long-term debt. The analysis below considers the case where the government sets the
share of long-term debt at levels seen in the data, as well as the case where the debt share is
set optimally to maximise social welfare subject to the monetary policy regime in place.

The government budget constraint is given by

W, =g *+(Re_, /TI)b, —biy + (R TTI)bY =02 + (R, /T1)b™ —biT (14)

t+1 t+1
where g* > 0 is constant government spending per period.*

The government issues a fraction 0 < V! < 1 of long-term debt, so that b' = v'b' is the supply
of long-term debt and b*Y + b>™ = (1 — V)b is the total supply of short-term debt. This
enables us to write the government budget constraint as follows:

W, =g % +(Ri, /TIV'DY + (R, /T1)(A- V)™ — b (15)

where V' is the share of long-term debt and 1—V' is the share of short-term debt.®

This equation shows that the share of long-term debt influences the level of taxes necessary
for the government to meet its spending commitments. The real returns on bonds are crucial
because they determine the average cost of debt repayments on each type of debt. In turn,
these returns depend crucially on the monetary policy regime in place through the inflation
risk premium, which affects the level of the bonds yields R®and R' (see Appendix A).

The total supply of government debt is held constant as in Diamond (1965):1’
b =b“" >0 (16)

The value of b is chosen so that the equilibrium real interest rate in the deterministic steady-
state is equal to some target value. The advantage of this approach is that it makes steady-
state social welfare identical for all shares of long-term government debt. As a result, the
optimal share of long-term debt under uncertainty is pinned solely down by the risk
characteristics of the economy. The policy problem for the case where the share of long-term
debt is chosen to maximize social welfare is set out in Section 4.

15 This left side equation makes use of the fact that aggregate labour supply is normalized to 1, i.e. Ly+ Ln = 1.
16 Note that although the total supply of short-term debt is constant (because v' and b are constant), holdings of
short-term debt by the young and middle-aged will vary over time.
17 Strictly speaking, it is government debt per head that is constant in Diamond (1965). However, the distinction
between aggregate and per capita values is irrelevant here because population is normalized to 1.
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2.4 Market-clearing and equilibrium

Capital depreciates fully within a period, an assumption which is empirically reasonable
given that each period lasts 20 years. Hence, aggregate investment is it = Ke+1 = Ky t+1 + Km t+1.

Definition of equilibrium:*8

A set of allocations and prices {ct,y \ComsCeor 07 BE™ B Ky K My My, RS RS 7} with
the following properties for all t:

: s,y s,m |
(1) AI Iocatlons {Ct,y ' Ct+l,m ’ Ct+2,o ' bt+l(d) ' bt+2(d) ' bt+l(d) ' kt+l,y ! kt+2,m mt,y(d) ! mt+l,m(d) } SOIVe the
maximization problem of the young born in t and factors are paid their marginal products;

(2) The goods, money and bond markets clear:

Y =Ciy +Cn +Co+0 * K

M vy T Mm@y = Mygs)

S,Y _ WhS\Y
bt(d) - bt(s)
s,\m __ jyS,m
bt(d) - bt(S)
bl — bl — Vlbtot

t(d) t(s) t(s)
' , [
bigsy =D+ b
(3) The government budget constraint is satisfied:
W, =9 *+(Rtl—2 /H:)btl—l(s) - btl+l(s) + (Rts—l /Ht)bts('sy) - btii/(s) + (Rts—l /Ht)bts(’:; - btiT(s)
(4) The reserve requirements on money holdings are binding: m, ,;, =M, ) =0

2.5 Social welfare

Social welfare is given by the expected discounted sum of lifetime utilities of all generations
born from the initial period onwards:*°

SW:(l—a))E{Za)tUt}:E[Ut] (17)
t=0
where 0 < w <1 is the social discount factor, and E is the unconditional expectations operator.

It is clear from (17) that the social discount factor w will not affect social welfare. The social
discount factor is therefore left unspecified.

18 Note that bracketed d and s subscripts are introduced in this section to denote demand and supply values.
These subscripts are omitted in other sections of the paper in order to avoid unnecessary notation.
19 This social welfare function ignores the utility of the initial old and middle-aged. However, Section 7.1 shows
that this does not affect the baseline results. The second equality in (17) holds as long as Uy is stationary. In this
paper, U; and the other equations of the model are solved using a second-order perturbation method.
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3 Monetary regimes and inflation

The government commits to money supply rules. Since it cannot avoid money supply shocks,
it has imperfect control over inflation. The main difference between IT and PT lies in the way
that monetary policy responds to inflationary shocks. Under IT, inflationary shocks are
treated as ‘bygones’ and so have a permanent impact on the price level. Under PT, by
contrast, inflationary shocks are undone in order to restore the price-level to its target path.

3.1 Inflation targeting
Under IT, the central bank is assumed to follow a money growth rule of the form:

M /M, =IT*1+¢gy,) (18)

where ewm,: IS a zero-mean IID-normal innovation with standard deviation om, and IT* is the
target money supply growth rate, which is interpreted as an inflation target.

Since the reserve requirements on cash holdings are binding, money market equilibrium
implies that myy + mem= Mt/Pt= 26. Hence, inflation is given by:

I, =M /M, =IT*1+¢&,) (19)

Note that money supply shocks cause inflation to deviate from target. It is straightforward to
show using (19) that the log price level follows a random walk with drift, so that the price
level is non-stationary. In addition, expected inflation equals the inflation target: E¢1IT; = IT*.

To see the implications of IT for holders of short and long-term debt, note that taking logs of
(19) implies that short-term and long-term inflation risk are as follows:%

var,(InT1,,,) = o}, (20a)
var,(InTT,,,) = 252, (20b)

Since inflation risk is proportional to the forecast horizon under IT, long-term inflation risk is
double short-term inflation risk. As a result, long-term bonds will be subject to greater
revaluation risk than short-term bonds in an economy with inflation risk and IT.

3.2 Price-level targeting
Under PT, the central bank follows a money level rule of the form:

M, =TI*(l+¢&,,) (21)
Hence, inflation is given by:

I, =M /M, =IT*[A+¢, ) A+ &y 1) (22)

This expression differs from that under IT due to the inclusion of a response to the past
money supply innovation emt.1. The intuition is that the central bank must offset past money
supply innovations in order to return the price level to its target path. It is easy to show using

20 The focus here is on conditional inflation risk since this is what matters for the inflation risk premium.



(22) that the log price level is trend-stationary under PT, and that expected inflation is time-
varying and equal to E¢1IT; = IT*/(1+em t-1).

To see the implications of PT for holders of short and long-term debt, note that (22) implies
that short-term and long-term inflation risk are equal:

var, (InIT,,) = var, (InI1.,) ~ o2 (23)

Equation (23) tells us that inflation risk does not rise with the forecast horizon under PT, in
contrast to the situation under IT. Long-term bonds will thus be less risky in real terms under
a PT regime because revaluation risk due to unanticipated inflation is lower.

4 Share of long-term debt

This section first considers the implications of the share of long-term debt for life-cycle
consumption. It then sets out the policy problem of the government when it chooses the share
of long-term debt optimally and discusses how this problem is solved numerically.

4.1 Implications for life-cycle consumption

To better understand the role of short and long-term government debt, it is instructive to write
the generational budget constraints (3) to (5) in a way that shows their dependence on the
total supply of bonds and the share of long-term debt v'. Substituting for taxes using (16),
money holdings using (1), monetary transfers using (2), and noting that b' = v' b® where b
is constant, we have:

Coy =W L, —L,g*—V'(RL, /TTHb® —(@A—V" )R, /TT)b™ +bST — Ky, —
t+1,m :Wt+le - ng *+rt51kt+l,y _[VI (Rtl—l /H:u)bmt + (Rts /le)btsiT] - btsir; -k

Ciizo = (Rtl /HLZ)VIbtot + (Rts+1 /Ht+2)bts-;g] + rtizk

s (24)

t+2,m (25)
+0 (26)

C

t+2,m
where IT; and IT'= IT; .1 depend on the monetary policy regime that is implemented.

Written this way, it is clear that changing the share of long-term debt v' will affect
consumption over the life-cycle. For instance, if the average real return on long-term debt
exceeds that on short-term debt, lowering v' will tend to raise average consumption when
young (because it implies lower taxes). Likewise, Equation (25) shows that consumption by
the middle-aged will tend to rise as V' increases, while Equation (26) shows that average
consumption by the old will tend to fall because holdings of long-term debt will be lower.

4.2 Optimal share of long-term debt

The government’s problem is to choose the share of long-term government debt that
maximises social welfare, subject to the monetary policy regime in place and the equilibrium
conditions of the model. As discussed below, the model is solved using a second-order
perturbation method.

The policy problem of the government can be stated as follows:

max SW = E[U,]

v'e[0,1]

subject to (7)-(16), (24)-(26), market-clearing and



M*A+ey,) under IT
1:{ M.t (27)

O*@A+¢ey,)/A+¢y,,) under PT

The debt share that solves (27) was computed numerically using a second-order perturbation
method in Dynare++ (Adjemian et al., 2011). In particular, social welfare was computed for a
large number of long-term shares, V!, in the interval [0,1] with the aid of an algorithm
provided on Wouter Den Haan’s personal webpage.?

To understand the numerical results that follow, it is helpful to consider a second-order
expansion of social welfare around ¢ty = E[Cty], Ct+1m = E[Ct+1m] and Cr20 = E[Ctr20]: %
1 1

SwW :T[E[Cy]l” + fE[c, 1" +ﬂ2E[CO]1”]—EHUM\ var[c, 1+ U, | var[c, 1+ U | var[c,]] (28)
e

where subscripts denote partial derivatives of the social welfare function to each argument,
evaluated at unconditional mean consumption levels: E[cy], E[cm], E[Co].

This expression shows that social welfare increases with mean consumption levels and falls
with consumption variances (due to risk aversion). Consequently, the optimal share of long-
term debt can be understood in terms of these unconditional moments. The numerical
analysis that follows therefore reports these moments and focuses on their determinants.

5 Calibration

The model is roughly calibrated to the UK economy. In particular, the parameters are chosen
to roughly match key ratios in the data. As steady-state ratios depend upon several different
parameters, the baseline calibration uses parameter values which are plausible and give good
overall performance against target ratios.?® The baseline calibration is listed in Table 1.

Table 1 — Baseline calibrated values

a Capital share 0.24 g* Government spending per period 0.085
B Private discount factor 054 II" Inflation target 1.486
y Risk aversion 2.5 PA TFP persistence 0

0 Real money holdings (my, myn)  0.01 0ge, oM Std(ex), Std (em,r) 0.05
Ly Labour supply (young) 0.55 Lm Labour supply (middle-age) 0.45
bt Total supply of govt. debt ~ 0.01 V! Share of long-term debt 0.50

5.1 Aggregate uncertainty

The model contains two aggregate shocks: a productivity shock and a money supply shock.
Persistence in the productivity shock was set at zero as in Olovsson (2010) because there is
no convincing empirical evidence that productivity is persistent over generational horizons.
Assuming positive persistence would not overturn the baseline results and is considered as a
robustness check in sensitivity analysis; see Section 7.3.

2L The author is grateful to Wouter Den Haan for making his codes publicly available.

22 This expression makes use of the fact, that under stationarity: E[xwi] = E[x] and var[xwi] = var[x].

2 In some models, steady-state ratios are pinned down by a single parameter so that calibrated values can be set
to match target ratios exactly. This is not the case for most of the key ratios in this model.
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It is assumed that both shock innovations have the same standard deviation of 0.05. This
relatively high standard deviation reflects the fact that these are shocks at a generational
horizon. The calibration of the productivity innovation standard deviation is similar to that in
Hatcher (2014) in an OG model with 20 years per period. The money supply innovation
standard deviation was set at 0.05 because this implies that inflation has a standard deviation
of 7.4%.2* By comparison, the standard deviation of 20-year UK inflation is around 7% based
on the Consumer Prices Index (CPI) over the period 1988 to 2014.

5.2 Preference and other parameters

The discount factor g is set at 0.54, which is equivalent to an annual value of 0.97. The
coefficient of relative risk aversion is set at 2.5. The parameter a was set at 0.24, implying a
capital income share of 24%. This is slightly lower than standard calibrations but helps the
model to get close to the target ratios of investment and tax revenue to GDP (see Table 2).
Labour supply by the young is set equal to 0.55, which implies that labour supply by the
middle-aged is 0.45. This parameterization was chosen to ensure that the disposable income
of the young was not implausibly low given that they do not receive any asset income.

Government spending per period g* was set at 0.085, which implies a government spending-
GDP share of 15% of GDP in the calibrated model. The inflation target IT" was set at 1.486,
which is consistent with trend inflation of 2% per year. The reserve parameter ¢ was set at
0.01 to match the UK share of notes and coins in GDP. For the purpose of calibration, the
share of long-term debt v' was set at 0.5, or 50%.2° Given these calibrated values, the total
supply of government debt b'® was set at 0.01 since this implies a steady-state real interest
rate of 1.5, which is equivalent to an annual interest rate of 2% per annum.

5.3 Model solution and key ratios

Table 2 — Target versus model ratios

Ratio  Target Definition Deterministic  Stochastic Notes

w/y 0.14 Income tax revenue/GDP 0.17 0.17 Target: UK (HMT)
ily 0.17 Investment/GDP 0.16 0.16 Target: UK (ONS)
cly 0.65 Consumption/GDP 0.69 0.69 Target: UK (ONS)
m/y 0.04 Currency/GDP 0.04 0.04 Target: UK (ONS)

Notes: the model and target government spending ratios are given by g/y =1 —cly —ily.

The calibrated model does fairly well against target ratios (see Table 2).26 The UK
investment-GDP share averaged 17% over the period 2005-2013 and over the same period
the consumption-GDP share was around 65% (ONS, 2014), implying target ratios of 0.17 and
0.65. The calibrated model gives ratios of 0.16 and 0.69. The GDP share of notes and coins in

24 The qualitative conclusions of the model are not sensitive to the assumed value of the standard deviations.
However, as discussed in Section 6.3, excluding productivity risk from the model has important implications.
%5 The UK Debt Management Office (DMO) classifies all bonds with maturities exceeding 15 years as ‘long-
term’. According to DMO (2014, Table C2), nominal debt with maturities less 15 years has accounted for
around one-half of the gilt portfolio over the past decade, so v! = 0.5 was chosen as the baseline calibration.
% The results in Table 2 relate to an IT regime with a long-term debt share of 0.5. The results reported are not
sensitive to the calibrated debt share.
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the model matches the UK share of 4% over the decade to 2010; see ONS (2011). Lastly, the
ratio of income tax revenue to GDP is close to the UK share of receipts from income and
wealth taxes, which averaged around 14% of GDP from 2000 to 2012 (HM Treasury, 2013).

6 Results

The model was solved using a second-order perturbation in Dynare++ (Adjemian et al.,
2011).%” The analysis in this section begins by comparing the performance of IT and PT in an
economy in which the share of long-term government debt is calibrated to roughly match the
share in the data. It then turns to the case where the share of long-term debt is chosen
optimally before considering the importance of productivity risk for these results.

6.1 Calibrated debt share

The share of long-term government debt was set at v! = 0.5 under both IT and PT, implying
that one half of government debt is short-term (i.e. 1-period debt) and that the other half is
long-term (i.e. 2-period debt). As discussed above, this calibration is intended to be
representative of the UK economy where both short and long-term debt are issued.

The results are reported in Table 3. The welfare gain (or loss) from PT is defined as the
fractional increase (reduction) in aggregate consumption, A, necessary to equate social
welfare under IT and PT: SW'T(1+4)Y7= SWPT. As well as the baseline case where v' = 0.5,
results are also shown for the cases where long-term debt accounts for one-quarter and three-
quarters of the total stock of debt: i.e. v' = 0.25 and v! = 0.75.

Table 3—IT vs PT in an economy with both short and long-term debt

Share of long-term debt V! Welfare gain of PT
(4, % of consumption)
0.25 0.005
0.50 0.009
0.75 0.011

Relative to an IT regime, PT implies a modest welfare gain. Under the baseline calibration
where V! = 0.5, the welfare gain is around 0.01% of aggregate consumption, and the results
are similar for the cases of v! = 0.25 and v! = 0.75. PT raises social welfare because it lowers
long-term inflation risk relative to IT, so that long-term debt is less risky. As a result, the
inflation risk premium on long-term debt is lower under PT, which lowers the average real
return payable on long-term debt. This, in turn, means that taxes are lower, which implies an
increase in mean consumption by the young and middle-aged. In addition to this, the lower
riskiness of the real return on long-term debt means that the volatility of taxes is lower under
PT, so that consumption risk is reduced for the young and middle-aged.

One reason that PT delivers only modest welfare gains is that average consumption by the old
is lower than under IT. This is because the old receive a higher a return on long-term debt
under IT due to the higher inflation risk premium in nominal interest rates. In this respect, PT

27 The baseline model was randomly simulated 100 times for 1100 periods (with a ‘burn in> of 100 periods),
giving a total of 100,000 simulated values to calculate unconditional moments.
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has distributional implications: it raises consumption for workers (the young and middle-
aged) but lowers consumption by the retired old. In addition to this, PT also raises
consumption risk for the old, albeit only marginally.

Overall, these results suggest that PT would deliver modest welfare gains relative to IT in an

economy where both short and long-term debt are issued, as in the data. It remains to be seen,
however, whether PT will outperform IT in an economy where the share of long-term debt is
set optimally. This question is taken up in the next section.

6.2 Optimal share of long-term debt

The optimal share of long-term debt under each regime is computed as described in Section
4.2. The welfare gain (loss) of issuing long-term debt is computed as the fractional increase
(reduction) in aggregate consumption, Ay, that equates social welfare under a zero long-term
debt share with that when the long-term share is v!. Hence, SW(q) (1+4)%7 = SWh. To shed
light on the welfare results, the unconditional moments of real variables in the model are
reported, including the unconditional moments of consumption that matter for social welfare;
see Equation (28). The results are reported in Figures 1 to 3.

0

PT

1
o
o
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% of aggregate consumption
& |
= o
{_In -

-0. : :
D 20 40 60 80 100
Share of long—-term debt (%)

Fig 1 — Social welfare gain relative to the case of zero long-term debt

Figure 1 shows that social welfare falls under both IT and PT as the share of long-term debt is
increased. As a result, it is optimal to issue only short-term debt under both regimes. In
addition, the welfare implications of the share of long-term debt are non-trivial. For instance,
moving from an economy with only short-term debt to one in which half of debt is long-term
implies a welfare loss of almost 0.10% of aggregate consumption.

It is optimal to issue only short-term debt under IT and PT because taxes rise as the share of
long-term debt is increased. This happens because real returns on both short and long-term
debt increase as the share of long-term debt rises. This, in turn, is a result of the aggregate
demand for capital falling as the young and middle-aged substitute towards short-term bonds
in order to lessen consumption risk. Consumption risk faced by the old and middle-aged
increases with the share of long-term debt due to the fact that the real return on long-term
debt is much more volatile than the return on short-term debt as a result of productivity risk
causing larger fluctuations in long-term ex ante real interest rates than short-term ex ante real
interest rates (see Footnote 30).

Figures 1 to 3 show that when the share of long-term debt is set at its optimal value of zero,
IT and PT have essentially identical implications for consumption and social welfare. The
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reason is simply that short-term inflation risk is the same under both regimes (see equations
(20) and (23)) and expected inflation, which does differ under IT and PT, does not affect real
bonds returns or optimal asset holdings because nominal debt compensates bondholders for
expected changes in inflation through movements in nominal interest rates. Thus, there is
nothing to choose between the IT and PT if the share of long-term debt is set optimally. This
finding provides a counterargument to the conventional wisdom that PT would deliver
welfare gains because it lowers long-term inflation risk.28

It is important to note, however, that PT outperforms IT whenever long-term debt is issued.
The reason is that PT raises consumption by the young and middle-aged since it implies
lower average taxes than IT, due to average real returns on bonds being lower under PT. This,
in turn, is a result of the inflation risk premium on short and long-term debt being lower
under PT. The inflation risk premium on short-term debt is lower under PT because it lowers
consumption risk for the middle-aged relative to IT, whereas the inflation risk premium on
long-term debt is lower due to the reduction in long-term inflation risk under a PT regime.?®
PT also lowers consumption risk for the young and middle-aged in an economy with long-
term debt, because it reduces the variance of taxes. Consistent with the results reported in
Table 3, the potential welfare gains from PT rise as the share of long-term debt in the
government bond portfolio is increased.

Consumption (young): E(cy) Consumption (middle): E(cm) Consumption (old): F{c,)
0.12824 0.1183 T
0.1394
0.1392 0.1182
0.139 J
0.12814
0.1181
0 ! 100 0 50 100 0 50 100
Taxes: E(7) Real return (short): E(r) Real return (long): E(r!)
1.52 — 234
0.2205 2193
022 1.515 232
2.3
0.2195 . 151
0 50 100 0 50 100 0 50 100
Capital: E(k) Inflation risk premium (short) Inflation risk premium (long)
0.0902 0.0008 0.003 —
- —
0.0006 0.002 1
0.0004 0001 e
0.0895 0.0002 0
0 50 100 0 50 100 0 50 100
Share of long-term debt (%) Share of long-term debt (%) Share of long-term debt (%)

Fig 2 — Share of long-term debt and means of real variables

28t is shown in Section 7.3 that this conclusion hinges on the presence of productivity risk.
29 Expressions for the inflation risk premium are given in Appendix A.
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var(ey) var(cy, ) var(ca)

0.00011 0.000044 0.000028
I 0.000027
0.000108 —pT 0.000042
0.000026
0.000106 0.00004
0.000025
0.000104 0.000038 0.000024
0 50 100 0 50 100 0 50 100
var(7) var(r®) var(r!)
0.0003 0.036 0.24
0.00032 0.035 022
0.034 0.2
0.00031
0.033 0.18
0.0003 0.032 ‘ 0.16
9 50 o0 0 50 100 0 50 100
Share of long-term debt (%) Share of long-term debt (%) Share of long-term debt (%)

Fig 3 — Share of long-term debt and variances of real variables
6.3 Importance of productivity risk

To illustrate the importance of productivity risk for the above results, this section considers a
version of the model in which there are no money supply shocks, so that inflation risk is
absent. Since IT and PT differ only in their response to inflationary shocks, there is no
distinction between the two regimes in this version of the model. As a result, this analysis is
able to isolate the impact of productivity risk on the optimal share of long-term debt. The
results are reported in Figures 4 and 5.

0

-0.05

-0.15:

% of aggregate consumption

-0.2
0

20 40 60 80 100
Share of long-term debt (%)
Fig 4 — Social welfare gain relative to the case of zero long-term debt (no inflation risk)

When productivity shocks are the only source of risk in the model, it is optimal to issue only
short-term debt and the welfare losses associated with issuing long-term debt are
quantitatively quite similar to those in the baseline model (compare Figures 1 and 4). Thus,
productivity risk is crucial for the result that issuing only short-term debt is optimal. Figure 5
shows why productivity risk is crucial. The key point is that productivity risk implies
volatility in the real returns on nominal bonds because it leads to fluctuations in the nominal
interest rates R®and R' by making ex ante real interest rates vary over time.*® These
fluctuations are not a source of risk for agents in the model (because they are forecastable at

30 Short and long ex ante real rates are given by risshort = 1/Eq[sdfts1,m] and rigiong = VE[SAftr2,0 SOfer1,m]-
15



date t) but they reduce social welfare because they mean that consumption levels vary more
from one generation to the next; see Equation (28).

Short-term ex ante real rates are relatively stable because productivity shocks induce a strong
correlation between consumption today and expected consumption one period ahead. This is
because holdings of short-term bonds and capital will tend to fall (rise) when there is a
positive (negative) productivity shock. Long-term rates are much more volatile, however,
because the correlation between consumption today and expected consumption in two periods
ahead (i.e. in old age) is much weaker since agents know that their holdings of short-term
bonds and capital will be reoptimized in middle-age. Hence, expected consumption in old age
and consumption when young will tend to move by different amounts in response to
productivity shocks, implying rather volatile long-term interest rates. It is this volatility that
drives the result that issuing only short-term debt is optimal.

Consumption (young): E(ey) Consumption (middle): E(cy,) Consumption (old): E(c,)

0.14 0.1284 0.1184
0.139 0.1282 01182 """
- 0.128 0.118
0'1380 50 100 0 50 100 0 50 100
Taxes: E(7) Real return (short): E(r*) Real return (long): EI:?"I )
0.222 1.53 2234
0,22 | 1.52 2132
0.218 1.51
0 50 100 0 50 100 0 50 100
Capital: E(k) Inflation risk premium (short) Inflation risk premium (long)
0.091 0.001 0.004
009 ——— ]
0.089 0 0
0 50 100 0 50 100 0 50 100
var( r'_u} var(c,,) var(c,)
0.00011 0.000045 0.000026
0.000105 0_00004’—-_—-_-__-‘ 0.000022
0 50 100 0 50 100 0 50 100
var(T) var(r?) var(r!)
0.00032 003 02
0.00028 : 0.026 ' .
0 50 100 0 50 100 0 50 100

Share of long-term debt (%) Share of long—term debt (%) Share of long—term debt (%)

Fig 5 — Share of long-term debt and real variables (no inflation risk)

The importance of productivity risk can also be seen by considering a version of the model in
which productivity shocks are eliminated, so that only inflation risk remains. In this version
of the model, issuing only short-term debt remains the optimal policy under IT, but not under
PT (see Section 2A of the Supplementary Appendix). As a result, the equivalence of IT and
PT disappears, with PT implying modest welfare gains relative to IT even if the share of
long-term debt is set optimally. It is important to note, however, that this result disappears if
even a small amount of productivity risk is introduced. It therefore does not appear to hold
important practical implications for the choice between IT and PT regimes.
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7 Robustness checks

This section investigates whether the results from the baseline model are robust. It begins by
considering the treatment of utility of initial generations before turning to parameter
sensitivity analysis.

7.1 Utility of the initial old and middle-aged

In the baseline model, social welfare is given by the discounted sum of lifetimes utilities of
all generations born in the first period onwards. A welfare function of this form ignores the
utility of the initial old and initial middle-aged. However, including the utility of the initial
old and middle-aged in the social welfare function does not affect the main conclusions.®!

Table 6 and Figure 7 report the social welfare results for this case. It is notable that although
the welfare losses associated with issuing long-term debt are lower than in the baseline
model, the potential welfare gains of PT in an economy with long-term debt remain in intact,
albeit that they are smaller. Moreover, it is still optimal to issue only short-term debt under
both IT and PT, so that the potential welfare gains of PT are eliminated in this case.

Table 6 — IT vs PT in an economy with both short and long-term debt (amended SWF)

Share of long-term debt V! Welfare gain of PT
(4, % of consumption)
0.25 0.002
0.50 0.004
0.75 0.005
0
-0.01 i 8
s PT
2
E -0.02 8
2]
3
2 -0.03 1
S
0
S -0.04 1
G
2
-0.05 8
~0.08 20 40 80 80 100

Share of long-term debt (%)
Fig 7 — Social welfare gain relative to the case of zero long-term debt (amended SWF)

7.2 Parameter sensitivity analysis

Experimentation with ‘high’ and ‘low’ calibrations of model parameters (listed in Section C
of the Supplementary Appendix) did not overturn the main conclusions regarding the optimal

31 The amended social welfare function is derived in Section 2.B of the Supplementary Appendix.
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share of long-term debt under IT and PT or the result that PT raises social welfare when some
long-term government debt is issued.®?

8 Conclusion

This paper has compared inflation targeting (IT) and price-level targeting (PT) in an economy
with short and long-term nominal government debt. The analysis was motivated by the fact
that these two regimes have very different implications for long-term inflation risk. Under IT,
inflation risk increases with the forecast horizon, because there is base-level drift in the price
level. Under PT, by contrast, inflation risk does not change with the forecast horizon, so that
the purchasing power of long-term nominal claims is relatively stable. The analysis
proceeded in a simple overlapping generations (OG) model in which households live for
three periods: youth, middle-age and old age. The model is well-suited for a comparison of IT
and PT because both short and long-term nominal debt are present and the model permits the
share of long-term nominal debt to be calibrated or chosen optimally.

The main finding is that PT raises social welfare relative to IT in an economy in which both
short and long-term debt are issued, as in the data. However, if the share of long-term debt is
chosen optimally to maximise social welfare, only short-term debt should be issued under
both IT and PT, so that the result that the potential welfare gains of PT are eliminated. These
results are robust to model parameterization and other robustness checks. However, the result
that issuing only short-term debt is optimal hinges on the presence of productivity risk. If
productivity risk is absent, it is optimal to issue only long-term debt under IT, but not under
PT. In this case, there are welfare gains to PT even if the share of long-term is set optimally.
Crucially, however, this result disappears if even a small amount of productivity risk is
introduced into the model.

These results suggest that while there could be long-term welfare gains of adopting PT, this
will depend crucially on whether the composition of the government debt portfolio is chosen
to maximise social welfare. The main message of the paper is that the welfare gains of PT are
likely to be smaller when the share of long-term government debt is set optimally or in a
near-optimal manner. This conclusion casts doubt on the conventional wisdom that PT would
raise social welfare because it lowers long-term inflation risk.

32 The results are available from the author on request.
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Appendix

Appendix A — The inflation risk premium

This Appendix shows how the inflation risk premiums on short and long-term debt are defined.

The first-order conditions for bond holdings imply that
1=E[sdf,  ]E[r:,]+cov [sdf,,, .15 ] (A1)
1=E,[sdf.,]E [r.,]+cov,[sdf.,,r',] (A2)

The inflation risk premium on short-term debt

In order to derive an expression for the inflation risk premium on short debt, note that the riskless one-
period real interest rate can be defined as follows:

1= rtsyf E, [Sdfm,m] (A3)
Hence, using (Al), the difference in expected real returns on nominal and real short-term debt is

_ COVt [Sdft+l,m ! rtil] - _ R’[S COVt [Sdel,m ’H’;rll (A4)

E rs _rs,f —
1L Et[Sdel,m] Et[Sdft+1,m]

The expression in (A5) is the inflation risk premium on short-term debt. It it is non-zero unless (i)
consumers are risk-neutral, or (ii) short-term inflation risk is zero.

The inflation risk premium can be written in terms of inflation risk and consumption risk using (A4):

 Rcorm[sdf,,, . TT;41, var, [sdf, ., , ]y var, [11,]

Et[rtil]_ rtS'f = E [Sdf ]
t t+1,m

(A5)

The inflation risk premium on long-term debt

In order to derive an expression for the inflation risk premium on short debt, note that the riskless
two-period real interest rate can be defined as follows:

1=r""E [sdf.,] (A6)
Hence, using (A3), the difference in expected real returns on nominal and real long-term debt is

| | | | | -1
Et [rt|+2] _ r.tl,f - _ cov, [Sde? ! rt+2] - _ Rt cov, [Sdft+2 ; (Ht+2) ] (A7)
Et [SdeZ ] Et [Sdft+2]

The inflation risk premium can be written in terms inflation risk and consumption risk using (A8):

_ Rlcor[sdf,, (ITt,,) 1y var, [sdf,\, 1y var, [(IT;,,) ]
E,[sdf,., ]

Et [rt|+2] - rtl'f = (A8)

The expression in (A9) is the inflation risk premium on long-term debt. It it is non-zero unless (i)
consumers are risk-neutral, or (ii) long-term inflation risk is zero.
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Supplementary Appendix (For Online Publication Only)
Section 1 — Derivations and proofs
1.A — Derivation of first-order conditions (baseline model)

Consumers solve a maximization problem of the form

1 L
— 4 2
max Ut -1 [ +ﬂct+lm +ﬂ Ct+20] (A1)
{Ct,yvct+1,mvct+2,o lat+1,yvat+2,m} 1— 7/
subject to
— I s,y
Ciy =W (1_ 2 ) Ly - bt+l - bt+l - kt+l y My (Young)
s, s,m ;
Ct+l,m =Wy (1_Tt+1)L + rt+1kt+1 y + rt+lbt+i, +Tt+1 / Pt+1 + rt+1m bt+2 - kt+2,m - mt+l,m (Mlddle)
| | 2
Ct+2,0 = rt+2bt+l t+2bt+2 + rt+2kt+2,m +Tt+2 / I:)t+2 + rt+2rnt+l,m (Old)
m,,, m, = o (Reserve requirements on money)

wherer’, =R’ /T1,,,, .., =R/ /TI},,, and the vectors of assets chosen by households when young
and middle-aged are a,,;, = (K.,,.bt.., 050 M) and a,,,, = (Kyzm. 055 My, ). respectively.

The Lagrangian for this problem is

Ut +/1t,y[Wt(l_Tt)|—y _bt|+1 _btsii _kHly _mty _Cty]+:uty[mty _5]

_ k s,y s,m
Lt - Et /1t+1,m[Wt+1 (1_ Tt+l)Lm + rt+1kt+ly + rt+1bt+1 +Tt+1 / Pt+1 + rt+1m bt+2 kt+2,m - mt+l,m - Ct+1,m] (AZ)

| | s,m
+ :ut+l,m[mt+1,m - 5] + ﬁ“t+2,o[rt+2bt+l + rt+2bt+2 + rt+2 kt+2,m +Tt+2 / Pt+2 + rt+2mt+l,m - Ct+2,o]

First-order conditions are as follows:32

C,,:oU o, =4, Cupm:0UC,n=Dun Crino - OU1OC,, 0 =Aiins s
Kiny ¥ Ay = Elduaninl, bt Ay =E Aol Bt Ay = ElAuarial,
t+2 m e Aiam = Et+1[/1t+2,o rtiz] ' b7 Avam = Et+l[//lt+2,o ],

m, - ﬂT,y =E, [ﬂ“t+1,mrtT1]+/ut,y' Meam * A = Et+1[ﬂ‘t+2,OrtT2]+/ut+1,m’

By substitution, this system can be reduced to seven Euler equations:

ou oy, ouU ou ou ou
: rtljrl ! ~= Et : rtj—l ! aUt = Et aUt rtl+2 ! ~= Et : rtljrl !
act,y oc oc OCiim oc 0Cq 1z oC, 0Cy10

t+1,m ty ty

au o, . au au ou o, .
2 L= Et — M | L= Et : tTl + 4y L= Et t Mg |+ e
Ct,m act+1,0 aCt,y aCt+1,m 6Ct,m aCt+1,o

33 First-order conditions involving expectations at time t+1are implied by taking the expectations operator Et.1
through both sides of the equation to account for the fact that the middle-aged have access to this information set

when choosing their asset holdings.
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The partial derivatives of U, are given by:

oJ, /e, =c;

t,y?

ou,/oc,,, ., =c/ ou, /oc

t+1,m t+1,m

— C_}/

t+2,0 t+2,0

Letting sdf,,, , =B(C.,,n /C.,) 7 sdf,,, =B(Cry, /C.y) 7 and sdf!, = sdf,,, ,sdf,,, gives the
Euler equations reported in the main text, plus two for money holdings ((A8) and (A9)):

1= Et [Sdel,m rtil] (A3)
1= Et [Sdel,m rtil] (A4)
1= Et [SdftL2 rt|+2 ] (A5)
1= Et [Sdft+1,o rtj—l] (A6)
1= Et [Sdfm,o rtil] (A7)
1= Et [Sdft+1,m rtTl] + :Zzt,y (A8)
1= Et [Sdft+1,o rtTl] + ;lt,m (A9)

where ﬁt,y = :ut,y/ﬂ“t,y and g, = Hy /ﬂ“t,m :
1.B — The binding legal constraint on money holdings
Proposition: The constraint binds with strict equality when R} >1

Proof.

By equations (A4) and (A8), the Lagrange multiplier on the cash constraint on the young is given by
ﬂt,y Et [Sdft+l,m (rtil - rtTl)] (Bl)

Since the real return on one-period nominal bonds isr,}, = R’ /T1,,, = R’r,;, we can say that

Hy = A Bilsdf o (RO -DrID] = 4y (RS —DE [sdf,, i3] (B2)
since R;’ is known at the end of period t.
The Kuhn-Tucker conditions associated with w, y are as follows:

{,ut’y >0 and g, (M, —05)=0 } (B3)

The second condition in (B3) is the complementary slackness condition. It implies that the cash
constraint will be strictly binding iff x, > 0 for all t.

Dividing (B2) byl= E,[sdf, 1= R°E[sdf , ,r7}] . it follows that 1, , = 4, , (RS —=1)/R?.
Since 4y = U, /dc, , > 0, it follows that sy > 0 iff RS >1for all t.

An analogous argument applies to the cash constraint on the middle-aged using Equations (A6) and
(A9). Therefore, it also holds with equality when R >1. Q.E.D.
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Section 2 — Numerical results and robustness analysis

2.A — Results for the baseline model when productivity risk is absent
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Fig Al — Social welfare gain relative to the case of zero long-term debt (no productivity risk)
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2.B Utility of the initial old and middle-aged

In the baseline model, social welfare ignores the utility of the initial old and initial middle-aged.
Therefore, as robustness check, social welfare was amended to include the utility of the initial old and
the initial middle-aged as a robustness check. The amended social welfare function (SWF) is*

SW = (1—w)E{itht}+(l—w)[Ut,m +U,]

(B1)
= E[Ut]+(1_a))[ut,m +Ut,o]
1-y Cl—;/
where U, = 1 T js utility of the initial middle-aged and U,= 1‘—° is utility of the initial old.
-7 -7

It is clear that the second line of (B1) converges on the original welfare function as w — 1. Therefore,
to determine if the results are affected, the model was simulated with SWF (B1) with @ = ¢, where ¢ is
a positive number close to zero. The results are reported in Section 7.1.

2.C Parameter sensitivity analysis

The ‘high’ and ‘low’ values of parameters used in sensitivity analysis are listed in Tables C1 and C2.
The numerical results are too humerous to document here but are available from the author on request.

Table C1 - High calibrated values

o Capital share 0.265 g* Government spending per period 0.095
s Private discount factor 0.64 II" Inflation target NA
y Risk aversion 35 DA TFP persistence 0.5
J Real money holdings (my, mn)  0.025 o¢, om Std(ey), Std (em,) 0.075
Ly Labour supply (young) 0.60 Lm Labour supply (middle-age) 0.40

Table C2 — Low calibrated values

o Capital share 0.215 g* Government spending per period 0.075
s Private discount factor 044 II Inflation target NA
y Risk aversion 15 DA TFP persistence NA
0 Real money holdings (my, mn)  0.005 0, oM Std(ey), Std (emy) 0.025
Ly Labour supply (young) 0.50 Lm Labour supply (middle-age) 0.50

34 Because the initial values in each simulation vary (due to a ‘burn in’ period), the utility of the initial old and
initial middle-aged was computed using the average value across simulations.
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